This article attempts to identify the best features the short term interest rates stochastic process. We studied nine different linear models of short term interest rates. The choice of these models was the aim of analyzing the relevance of certain specifications of the short term interest rate stochastic process, the effect of mean reversion and the sensitivity of the volatility to the level of interest rate. We studied also the relevance of the Ait-Sahalia (1996b) nonlinear interest rate model. To further study the accurate parametric specification of the interest rate stochastic process we used a nonparametric estimation of the drift and the diffusion functions. The yield on three months treasury bills is used as a proxy for the short term interest rates. The parameters of the different linear stochastic process are estimated using the generalized method of moments. A semi parametric approach is used to estimate the non linear Ait Sahalia model (1996b). The kernel regression is used as a nonparametric approach to estimate the interest rate process. The results show that the effect of mean reversion is not statistically significant and that volatility is highly sensitive to the level of interest rates. The results prove also that both the drift and the diffusion functions should be nonlinear and that the nonlinear specification proposed by Ait Sahalia (1996b) model is not accurate. JEL classification numbers: C13, C14, C15, C22, C32, C52, E43, E47.
Introduction
Understanding the short term interest rate stochastic behaviour is very important for a wide range of applications. Such as the conduct of monetary policy, the financing of public debt, estimating the expectations of real economic growth and inflation and determining prices in financial market. Several models have been developed to explain the stochastic process of the short term interest rate in a continuous-time framework. A list of these models include linear models, those by Merton (1973) , Vasicek (1979) , Brennan and Schwartz (1980a) , Dothan (1978) , Ross (1980, 1985b) , Rendleman and Bartter (1980) , Cox and Ross (1976) and Chan, Karoly, Longstaff and Schwartz (1992) and the nonlinear Ait-Sahalia (1996b) model. These models make the assumption that the short term interest rate follows a gauss-wiener process. The process of the short term interest rate, r, has the following formulation:
The drift rate, , and the instantaneous standard deviation, , are functions of r, but independent of time, and w is a wiener process. The models mentioned above differ by their specifications of the drift and the diffusion function of the short term interest rate process. One of the key points in this area is if their specification of the interest rate dynamic is correct or not. Is the short-rate drift function linear or nonlinear? Is the short-rate diffusion function constant, linear or nonlinear? This article aim to present answers to this questions and determine the appropriate features of the short term interest rate process. The study will investigate the shape of the drift and of the diffusion functions using nonparametric estimation. The nonparametric approach avoids making parametric assumptions about both the drift and the diffusion functions and estimates the both from the observed data.
The Data
We estimate the interest rate models considering as proxy of the short-term interest rate, the US 3 month Treasury bill rate. The data are weekly and cover the period from January 1970 to December 2011, providing 2165 observations. The observations are taken from the Federal Reserve website of Saint Louis. The time series of short-term interest rates shown in Figure 1 is suggestive of a change in the process during the late 1970 and early 1980. Both the level and the volatility appear elevated. The table 1 shows the means, standards deviations and part of the 11 autocorrelation of the weekly rates and the weekly changes in the spot rate. The unconditional average level of the weekly rate is 5.46%, with a standard deviation of 3.13%. Although the autocorrelations in interest rate level decays very slowly, those of the week-to week changes are generally small and are not consistently positive or negative. This offers some evidence that the interest rates changes are stationary. The results of a formal augmented Dickey-fuller nonstationarity test are also reported in Table 1 . The null hypothesis of nonstationarity is accepted for the interest rate levels but is rejected for the interest rate changes at the 1% significance level. 
The linear models
We follow the Chan, Karolyi and Sanders (1992) econometric approach to compare the ability of nine models to capture the stochastic behaviour of the short term interest rate. The authors present a common framework in which different models could be nested.
The following stochastic differential equation defines a broad class of interest rate processes,
The dynamics implies that the conditional mean and variance of changes in the short term interest rate depends on the levels of r. The model incorporates mean reversion on the interest rate; i.e, the interest rate is pulled back over time to some long-run average. When r is high, mean reversion tends to cause it to have a negative drift; when r is low mean reversion tends to cause it to have a positive drift. The mean reversion phenomenon is included in the stochastic process by the specification of the drift,   r   
, where the speed of adjustment is given by the parameter  and the long-run average is given by the parameter α. The short rate is pulled to level α at rate . So we have that   a and b = -. The parameters of the stochastic process given by (1) are estimated in discrete time using Generalized Method of Moments Technique of Hansen (1982) . This technique has a number of advantages which makes it one of the best methods for estimating the shortterm interest rate process. Indeed, GMM provides a unified approach to the econometric estimation of all different types of short-term interest rates. Moreover, to achieve the asymptotic convergence of the estimator, GMM does not require that the distribution of the interest rate changes is normal but only stationary and ergodic is to say that the instantaneous conditional residuals variance is proportional to the length of the sample. This feature is of particular importance for the estimation of the short-term interest rate models when each model implies a different distribution of interest rate changes. In fact, for the Merton (1973) and Vasicek (1977) models, changes in interest rates are normal, while for the model Cox Ingersoll and Ross (1985), they are proportional to a noncentral
We test the restrictions imposed by the alternative short term interest rate models nested within equation (1) . Several models can be obtained from (1) placing the appropriate restrictions on the four parameters α, ,  and . The specifications that we focus on are presented in Table 2 : 
We estimate the parameters of the continuous-time model using a discrete-time econometric specification
This discrete-time model has the advantage of allowing the variance of interest rate changes to depend directly on the level of the interest rate in a way consistent with the continuous-time model. Define  to be the parameter vector with elements α, ,  2 and  and given
, estimators of these parameters are obtained from the first and second moments conditions. We define also two instrumental variables, a constant and rt. we obtain then, four orthogonality restrictions. 
Under the null hypothesis that the restrictions implied by (2) and (3) And then choosing parameters that minimize the quadratic form,
Where WT( is a positive-definite symmetric weighting matrix.
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The minimized value of the quadratic form in (6) is distributed  2 under the null hypothesis that the model is true with degree of freedom equal to the number of orthogonality conditions net of the number of the parameters to be estimated. This  2 measure provides a goodness-of-fit test for the model. A high value of this statistic means that the model is misspecified. In addition, in order to gauge further the relative performance of the alternative nested models, we test their forecast power of interest rate changes. In addition, we test their forecast power for squared interest rate changes, which provide simple ex-post measures of interest rate volatility. This is done by first computing the time series of conditional expected-yield changes and conditional variances for each model using the fitted values of (2) and (3). We then compute the proportion of the total variation in the ex post yield changes or squared yield changes that can be explained by the conditional expected-yield changes and conditional volatility measures, respectively. We refer to this as the coefficient of determination, or R 2 . These R 2 values provide information about how well each model is able to forecast the future level and volatility of the short term rate. The results are presented in the last two columns of Table 3 .
The non linear model
Ait Sahalia (1996b) presented a model of the short term interest rate which the drift and the diffusion functions are both nonlinear.
This nonlinear specification imposes some restrictions on the parameters values.
, is necessary for the volatility to be positive in the neighborhood of the zero  2 ≥ 0 ℎ 3 > 1 1 = 1, 1 > 1 ℎ 0 < 3 < 1 2 = 0, is necessary for the volatility to be positive in the neighborhood of the infinity  ∝ 2 ≤ 0 ∝ 1 < 0 ∝ 2 = 0, ensure that the drift is mean reverting at high interest rate values.
To estimate this model we have followed the same semi parametric approach used by Ait Sahalia (1996b). The stationary density is nonparametrically estimated based on the kernel function, which is used to estimate the parameter vector (∝ 0 , ∝ 1 , ∝ 2 , ∝ 3 , 0 , 1 , 2 , 3 ) according to the method of maximum likelihood. Given a sample of T observations, the estimation method is built in three stages. The first step is to estimate the stationary density using a nonparametric method which is the Gaussian kernel regression as follow:
with K is a Gaussian kernel function of the form
2 ) where h is the smoothing parameter which determines how the neighboring point are taken into account to build the density estimator to u. The second step is to build an explicit relationship between the stationary density p (x), the mean and volatility using the Kolmogrov forward equation. In particular, if μ (x, ψ) and σ (x, ψ) are respectively the functional forms of the drift and the diffusion functions
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with  is the vector of parameters (∝ 0 , ∝ 1 , ∝ 2 , ∝ 3 , 0 , 1 , 2 , 3 ), then the stationary density of the nonlinear model is then of the form:
Or the lower limit of the integral is arbitrary and ξ (ψ) is a constant that ensures that p (x, ψ) integrates to 1. The basis of the estimation method developed by Ait Sahalia (1996b) is that if the specification of the drift and the diffusion functions are appropriate, then, for the estimated values (*), the stationary density p (x, ψ) is very close to the nonparametric density estimated from the observed data.
In the third step, we estimate the parameters of the drift and the diffusion functions (∝ 0 , ∝ 1 , ∝ 2 , ∝ 3 , 0 , 1 , 2 , 3 ), so that the stationary density involved by the drift and the diffusion functions is as close as possible to the nonparametric stationary density. The vector of the estimated parameters (ψ *) is chosen such that it minimizes the squared difference between the density of the stationary pattern and the nonparametric one. Then:
This gives the vector of estimated parameters ( *) = (∝ 0 , ∝ 1 , ∝ 2 , ∝ 3 , 0 , 1 , 2 , 3 ) * .
The Monte Carlo Simulation study of the interest rate models performance
To further compare the performance of each model to capture the stochastic evolution of the short term interest rate, we simulate the path of the interest rate produced by each model and we compare it to the real short term interest rate stochastic path. To generate data from the interest rate model specification, we consider a first order Euler's approximation of the stochastic process of each model. The study of the predictive performance of the different models will be on both sides, a study of the predictive performance, "in the sample" and "out of the sample".  The first period "in the sample" cover the period from 1979 to 1982 which is a high volatile period. The purpose of this choice is to study the predictive performance of the models in this exceptional period.  The second period "in the sample" cover the period from 2007 to 2008 which is the subprime crisis period and at the end of 2008, the Federal Reserve have decide to reduce interest rates at a range of 0% to 0.25%.  Contrary to the two first periods, the third "in the sample" period from 1997 to 1998 is relatively a stable period.  The "out of the sample" period cover the period from 2010 to 2011, characterized by low interest rates as decided by the Federal Reserve. The performance of each model to predict the real short term interest rate path is measured by the "Mean Squared Error":
Where N, is the observation number, rio, is the i th observed interest rate and ris, is the i th simulated interest rate.
The Nonparametric Approach
One potentially serious problem with any parametric model that prefers one functional form another is misspecification which can lead to serious pricing and hedging errors. For further study the short interest rate stochastic process specification we use the nonparametric approach to estimate the functional form of the drift and diffusion functions of the interest rate stochastic process. The nonparametric approach does not impose any restrictions on their functional forms but leave them unspecified. The resulting functional forms should result in a process that follows interest rate closely. The nonparametric approach presents the flexibility to fit the data allowing the identification of the appropriate specification of the interest rates stochastic process. Florens-Zmirou (1993) and Ait-Sahalia (1996a) pioneered the idea of modeling the diffusion function of the stochastic interest rate process by the data themselves through a nonparametric approach. The idea has been extended to both the drift and the diffusion functions by Stanton (1997) In this study we follow the Stanton approach (1997). In contrary to the Ait-Sahalia (1996a) that proposes a nonparametric diffusion function estimator based on the linear mean-reverting drift function for the stochastic process, the Stanton approach (1997) avoids making parametric assumptions about either the drift or the diffusion functions of the interest rate stochastic process; it estimates both functions nonparametrically from observed data. This approach consists of the construction of approximation of the true drift and the diffusion functions then these approximations are estimated nonparametrically from discretely sampled data. More specifically, Stanton (1997) uses the infinitesimal generator and a Taylor series expansion to give the first order approximations to the drift and the diffusion functions. Consider, the diffusion process of the interest rate, rt, which satisfies the stochastic differential equation:
The first order approximations of the drift and diffusion functions, under the Taylor series is respectively as follows:
Where  denotes a discrete time step in a sequence of observations of the process rt and O(), the asymptotic order symbol where
The nonparametric estimation of the approximations of the drift and the diffusion functions are based on the stationary density. The kernel estimator is completely characterized by the choice of a particular kernel function and the appropriate bandwidth h. The kernel function provides a method of weigthing "nearby" observations in order to construct a smoothed histogram of the density estimator. In our case we use the Gaussian kernel,
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The parameter h is called the smoothing parameter; it determines the width of the kernel function around any partition point ut. it specifies how (and how many) "neighboring" points of  t r , are to be considered in constructing the density estimator at rt. in our case we choice
Now, the drift and diffusion function can estimated nonparametrically using the familiar Nadaraya-watson kernel regression estimator as follow: 
Empirical Finding and Result Analysis
In this section, we present our empirical results. We begin by the linear models, the unrestricted and the eight restricted interest rate processes. We present after the estimation results of the nonlinear model. We compare after their ability to reproduce the stochastic path of the short term interest rate through a simulation study. Finally, we present the results of the nonparametric estimation of the drift and diffusion function of the short term interest rate process. These models present values of the  2 relatively low and cannot be rejected at the 5% significance level. These results suggest that the relation between interest rate volatility and the level of r is the most important feature of the dynamic model of the short term interest rate. This is significant since the Vasicek (1977) and Merton (1973) models are often criticized for allowing negative interest rates. This result indicates that a far more serious drawback of these models is their implication that interest rate changes are homoskedastic. The estimates of the models provide also a number of interesting insights about the dynamics of the short term interest rate. First, the weak evidence of the mean reversion in the short term interest rate; the parameter  is insignificant in the unrestricted model and also in all the restricted models. Second, the conditional volatility of the process is highly sensitive to the level of the short term interest rate. The unconstrained estimate of  in the Cox & Ross (1976) and Chan, Karoly, Longstaff & Sanders (1992) models are respectively 1.5513 and 1.5424. This result is important since these values are higher than the values used in most of the models. In particular, six of the eight nested models imply 01. The t-statistic for  is 9.20 and 8.05 respectively for the Cox & Ross (1976) and Chan, Karoly, Longstaff & Sanders (1992) models, which imply that the parameter  is highly significant. These results prove the importance of the relation between volatility of the interest rate and the level of the short term interest rate in the dynamic of the interest rate and that the degree of the sensitivity is higher than 1.5. These findings are similar to those of Ferreira (1998) that has followed the same approach for Portuguese interest rates. The results show a weak mean reverting effect and a high sensitivity of the volatility to the interest rate level equal to 1.13. The last two columns of the Table 3 present the results of the forecast power of all the models for interest rate changes and the squared interest rate changes. The first R 2 measure describes the fit of the various models for the actual yield changes. Expect for the Merton (1973) , Dothan (1978), Cox, Ingersoll & Ross (1980) , and the Cox & Ross (1976) models which have no explanatory power for interest rate changes, the other models are similar in their forecast ability. They explain only 0.01% to 0.13% of the total variation in yield changes. For the volatility of interest rate changes, the proportion of the total variation in volatility captured by the various models ranges from 0.44% from the Cox, Ingersoll & Ross (1985) model to 17.4% for the & Ross (1976) model. Note that the R 2 for the Merton (1973) and Vasicek (1977) models are zero since these models imply that the volatility of interest rate changes is constant. Remark that the higher predictive power for the volatility for interest rate changes is for the models that assume an estimated value of   1. 
Estimation results of linear models
2. Estimation Results of Nonlinear Model
From the table 4, we note first that all the conditions imposed by Ait Sahalia (1996b) are respected. Second, all parameters except 3 are not significant. The mean reverting parameter α2, is not significant as proved for linear models. The figure 3 plots the nonlinear drift of the Ait Sahalia (1996b) model. We note that for the central area of the interest rate between 1% and 18%, the average is almost zero. In addition for interest rates below 1%, the nonlinearity of the drift strongly pushing interest rates to the mean area. Or since 2008, the short term interest rates show low values converge to almost zero and the short term interest rate has not recorded a mean reversion as stipulated by Ait Sahalia (1996b) model. In addition according to the model of Ait Sahalia (1996b), the mean reversion effect is manifested at very high interest rates above 20%. But it is almost impossible to achieve these values for the short term interest rates. The figure 3 plots the nonlinear drift of the Ait Sahalia (1996b) model. We note that for the central area of the interest rate between 1% and 18%, the average is almost zero. In addition for interest rates below 1%, the nonlinearity of the drift strongly pushing interest rates to the mean area. Or since 2008, the short term interest rates show low values converge to almost zero and the short term interest rate has not recorded a mean reversion as stipulated by Ait Sahalia (1996b) model. In addition according to the model of Ait Sahalia (1996b), the mean reversion effect is manifested at very high interest rates above 20%. But it is almost impossible to achieve these values for the short term interest rates. 
Monte Carlo Simulation Results
The Rendleman and Bartter (GBM, 1980) . These models are firstly the best linear short-term interest rates models among the studied models. On the other hand they present the main characteristics of the stochastic process of short-term interest rate, ie the mean reversion effect and the elasticity of volatility. The objective of this choice is to compare the contribution of nonlinear parameterization of Ait Sahalia (1996b) compared to those presented by these linear models in the estimation of the real short interest rates term stochastic path. The simulation periods considered are the three in the sample periods "1979-1982", "1997-1998", "2007-2008 " and the out of the sample period "2010-2011". From figure 5 , we see that as for the linear models, the path of short term interest rates generated by the nonlinear model of Ait Sahalia (1996b) does not adequately reproduce the real interest rate path and this for the four periods studied. The table 5 shows the mean square error for the different models. 
Estimation Results of the Nonparametric Model
To estimate the drift and the diffusion functions, the stationary density of the short term interest rate is estimated first and plotted in Figure 6 . The nonparametric stationary density is obviously not normal with a flatter right tail than the normal density. From Figure 7 , we note that the drift is constant and it is close to being zero for low and medium values of interest rate. But when the short rate is beyond 14%; the short rate drift decrease dramatically. It presents a negative linear trend. This confirm the empirical finding of Ait Sahalia (1996a), Stanton (1997) , Jiang and Knight (1997) , Jiang (1998), Sam and Jiang (2009) and Gospodinov and Hirukawa (2011) that the drift term of the short term interest rate is zero for the most of interest rate ranges and overall nonlinearly mean reverting. These results prove also the finding of Arapis and Gao (2006) that the nonparametric drift is unlike the linear mean reverting specification. These findings suggest that interest rates follow a random walk at low and medium level, while being overall stationary. But because of the high level of interest rates (beyond 14%) observed mainly during the period of early 80's, the nonstationarity test based on the short term interest rate level is rejected. Compared to the linear mean reverting drift function, the nonparametric drift function shows a much weaker mean reverting property for low and medium interest rate but a much stronger mean reverting property for high interest rates. The mean reverting effect occurs only when the rate of interest is almost over 14%. This finding confirms that the mean reverting is not very significant especially for low and middle levels of the Interest rates. Compared to the nonlinear drift function (figure 8), we note that they are different. Indeed nonparametric drift presents a mean reverting effect for interest rate values greater than 14% whereas for such values, the drift of the Ait Sahalia (1996b) model is almost zero and the mean reverting effect occurs only for interest rate values greater than 20%. We deduce that the nonlinear drift specification proposed by Ait Sahalia (1996b) does not reproduce the drift of the observed data, given by the nonparametric estimator. The nonparametric diffusion function is plotted in Figure 9 and compared to those of the Chan, Karoly, Longstaff & Schwartz (CKLS, 1992), Cox, Ingersoll and Ross (CIR- SR, 1985) and Ait Sahalia models (1996b). Noticeable features of the nonparametric diffusion function estimator include: first, the diffusion function is a nonlinear but overall increasing function of the short rate, supporting the "level-effect" conjecture and rejecting the constant volatility model. That is, low interest rates are associated with low interest rates volatility and high interest rates are associated with high interest rates volatility. This result proves that the volatility is nonlinear contrary to the parametric models that suppose that the volatility is linear. These results are similar to those of Ait Sahalia (1996a), Stanton (1997) , Jiang and Knight (1997) , Jiang (1998), Sam and Jiang (2009) and Gospodinov and Hirukawa (2011) . The nonlinear diffusion of Ait Sahalia (1996b) model is very different from the nonparametric one, it is very low and the level effect is also very low. We deduce that, as for the drift the diffusion specification of the Ait Sahalia (1996b) model does not reproduce the diffusion of the observed data. 
Conclusion
In this paper, we investigate the appropriate features of the short term interest rate stochastic process. The results indicated that models that allowed the variability of interest rates to depend upon the level of interest rate captured the dynamic behaviour of short term interest rates more successfully. The level effect is such that the interest rate volatility is positively correlated with the level of interest rates. In addition the results prove also that the evidence on mean reversion in the short term to be not inconclusive. The nonparametric estimation of the drift and the diffusion functions of the short term interest rate process prove also the importance of the "level effect" in the interest rate volatility and that the "mean reversion " effect is significant only for very high level of interest rates. The drift and diffusion functions appear also to be nonlinear. The results show also that the Ait Sahalia (1996b) nonlinear model is unable to predict the real stochastic path of the short-term interest rates process. The problem is in the specification of the drift and the diffusion functions proposed by Ait Sahalia (1996b) model. These results lead us to question on the appropriate nonlinear specification of the short term interest rate model.
